
Systems Engineering Procedia 3 (2012) 1 – 12

2211-3819 © 2011 Published by Elsevier Ltd. Selection and peer-review under responsibility of Desheng Dash Wu.
doi:10.1016/j.sepro.2011.11.001

Available online at www.sciencedirect.com

Systems Engineering Procedia 00 (2011) 1–12

Systems

Engineering

Procedia

www.elsevier.com/locate/procedia

The 2nd International Conference on Complexity Science & Information Engineering

Optimal Control of Two-Dam Hydro Facility

Matt Davisona,b,c,∗, Guangzhi Zhaoa

aDept. of Applied Mathematics
bDept. of Statistical and Actuarial Sciences

cRichard Ivey School of Business
The University of Western Ontario, London, ON, N6A 5B7, Canada

Abstract

This paper investigates optimal control strategies for the operations of a hydroelectric facility comprising two dams
linked in series with a common reservoir receiving the outflow from the first dam and supplying the inflow to the
second dam. We obtain some interesting insights about the behavior of these plants and compare the similarities and
differences of the optimal pump-wait-release cycle between two-dam control and an otherwise similar one-dam control.
In particular, we show that the electricity price plays a more important role in the control of two-dam systems than for
a single dam.
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1. Introduction

Using hydroelectric dams more efficiently is of major and increasing economic importance in the tran-
sition to a low carbon energy economy. In addition, the recent deregulation of many electricity markets has
made the optimal control for hydro facilities in the face of variable electricity prices very important. Hy-
dro dams often occur in series along rivers and the resulting connections between dams further complicate
these control problem. Investigating the impact of variable prices on series connected dams is the focus of
this paper, which extends our earlier work on the optimal control of a single hydroelectric dam. In [3] we
discussed how the inflow rate, price and other factors affect the control strategy for a one-dam hydro facility
and generalized this system for random water inflows in [4]. For small inflow rates, the control strategy
is to maximize the turbine efficiency and variable prices affect the control strategy a great deal. For large
inflow rates, the control strategy is to maximize the power function and the variable price does not affect the
control strategy. Dynamic programming allows us to determine the optimal control giving the best balance
of all factors.

This paper investigates the optimal control of the hydroelectric facility described in Section 2, which
comprises two dams linked in series with a common reservoir receiving the outflow from the first dam and
supplying the inflow to the second dam. Section 3 casts the problem as a dynamic program analyzed for
two different objective functions. In section 4, we determine the optimal control when generating the largest
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amount of energy or, equivalently, for the case in which the electricity price is constant. Section 5 generalizes
this analysis to a deterministic, but variable, electricity price in which total sales are optimized. Sections 4
and 5 display and discuss solutions for the optimal control and display solutions taking particular care to
discuss the similarities and differences of the resulting optimal pump-wait-release cycle between two-dam
control and the control of a similar single dam. Section 6 compares the value of the two dam system with
a similar single dam system. We are able to obtain some interesting insights about the behavior of these
plants. In particular, we show that the electricity price plays a more important role in two-dam control than
in one-dam control, since for a given inflow rate, water is more scarce for two-dam than one-dam case. The
paper is summarized in section 7.

2. Two-Dam Model

Consider the problem of controlling a network of three reservoirs and two dams, where each reservoir
dam pair is equipped with a pump. As shown in Figure 1, the water discharged from the upper dam flows
into the lower reservoir. Now we set up the mathematical model for controlling the flow over these dams in
such a way as to maximize the objectives: namely, the total energy generated and the total monetary value
of this energy assuming it is sold for a time varying but deterministic price p(t).
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pump/turbine
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hl
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water

water
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Fig. 1. Two-dam pumped storage plant: head (h), distance between reservoir and turbine (hl), reservoir height (hh), head that upper
pump overcomes (2h-hl).

The analysis proceeds as follows: let V(t, T, p, hu, hl) be the value of the hydro network. It is determined
by, 



Vt = max
cu,cl

�� T

t
e−r(s−t) pEul(cu, cl, hu, hl)ds + e−r(T−t)R(hu

T , h
l
T )
�
,

dhu = gu(s, hu, f , cu)ds,

dhl = gl(s, hl, cu, cl, τ)ds,

(1)

where t is the current time and T is the end of the time horizon,
τ is the delay time that water from upper reservoir arrives at the lower reservoir,
p is the electricity price,
cu and cl are the controls for the upper and lower reservoir (pump/release),
f is the inflow rate into the upper reservoir,
hu and hl are the water head at the upper and lower reservoirs,
r is the discount factor for the time value of money,
R(hu

T , h
l
T ) is the residual value of the water remaining in the reservoir at T .

To keep our analysis tractable, we assume that both reservoirs have the same geometry as in [3], and
water discharged from the upper dam immediately appears in the lower reservoir (in future work we hope
to relax this assumption), i.e. τ = 0. We can further suppose dhu = ( f − cu)/S dt, dhl = (cu − cl)/S dt, where
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S u and S l are the surface areas for the upper and lower reservoirs, and rewrite the objective function (1) as



Vt = max
cu,cl

�� T

t
e−r(s−t) p(s)[Eu(cu, hu) + El(cl, hl)]ds + e−r(T−t)R(hu(T ), hl(T ))

�
,

dhu = ( f − cu)/S uds,

dhl = (cu − cl)/S lds.

(2)

3. Computation Algorithm

From the two-dam objective function (2), we suppose the discount factor r and the residual value
R(hu

T , h
l
T ) are zero and no time delay, so in this case the hourly discretized function is




Vt = max
cu

s ,cl
s




T�

s=t

ps[Eu(cu
s , h

u
s) + El(cl

s, h
l
s)]


 ,

hu
t+1 = hu

t + ( ft − cu
t )/S u,

hl
t+1 = hl

t + (cu
t − cl

t)/S
l.

(3)

If this objective is to be achieved, we must assume that the optimal choices (this is Bellman’s principle
of dynamic programming [1]) will be made not only at s = t but also at s = t + 1, t + 2, · · · , T . So

Vt+1 = max
cu

s ,cl
s




T�

s=t+1

ps[Eu(cu
s , h

u
s) + El(cl

s, h
l
s)]


 ,

Vt = max
cu

t ,c
l
t

�
pt[Eu(cu

t , h
u
t ) + El(cl

t, h
l
t)] + Vt+1

�
.

V(t, T, p, hu, hl) is the optimal value at every time step, and it is relatively straight forward to find the control
strategy,

[cu∗ , cl∗ ] = arg max
cu

t ,c
l
t

�
pt[Eu(cu

t , h
u
t ) + El(cl

t, h
l
t)] + Vt+1

�
.

Refer to [3] for a detailed description of the algorithm.
In addition to the same geometric reservoir properties assumed, we also assume that dam 1 and dam

2 are geometrically identical and contain machinery identical to that presented in [3]. The head of the
middle reservoir changes as the water is pumped to the upper reservoir, whereas the downstream level
does not change when water is pumped into the middle reservoir (see Figure 1). Based on the power
function presented in [2] and [3], the two-dam power functions Eu(cu, hu) and El(cl, hl), giving the total
power generated measured in megawatts, are

Eu(cu, hu) =




10−6ηρgc(hu − hu
f ), 0 ≤ cu ≤ π

�
2ghu, release or wait,

−αp, cu =
−αpγ

10−6ρg(2hu + hu
f − hmin)

, pump, (4)

and

El(cl, hl) =




10−6ηρgc(hl − hl
f ), 0 ≤ cl ≤ π

�
2ghl, release or wait,

−αp, cl =
−αpγ

10−6ρg(hl + hl
f )
, pump. (5)

Where hmin ≤ hu ≤ hmax and hmin ≤ hl ≤ hmax. Let ηmax = 0.85, ψ = 60, αp = 15π, γ = 75%, f f =

0.01, and L = 120 as in [3] and further suppose hmin = 120 and hmax = 180 for both reservoirs. We
discuss the discretized model (3) that the control constraints depend on the head h and use the same hourly
price function [2, 3] to explore the optimal control strategies when the inflow rate to the upper reservoir is
constant between 0 and 15π.

We solve this model for the deterministic case, give the control path, and discuss the relations for control
with head, price, inflow rate, and time for 2 days, i.e. T = t0 + 48.
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4. Optimal Energy Operation

First we discuss the simplest possible case, in which the price is constant (to be specific, let p = 1). In
this special case optimization, profit is equivalent to optimization energy generated from the hydro systems.
Obviously the constant price does not affect the control strategy. In this case the optimal pump/release
strategy is to release water when it can generate the most energy.

4.1. No Inflow Rate

0 5 10 15 20 25 30 35 40 45
−10

0

10

20

30

40

50

60

Time: hour

0 5 10 15 20 25 30 35 40 45
−10

0

10

20

30

40

50

60

Time: hour

price
upper control
inflow
upper head/3

price
lower control
inflow/upper
lower head/3

Fig. 2. Maximize energy (both are full, f = 0).

We begin with what appears to be a strong special case—no water inflow to the upper dam. Clearly,
here the steady state will be to have the minimum allowed water levels in each reservoir after which point
nothing can be done. Pumping will never be optimal here because of efficiency losses and the only question
is how to extract the maximum energy from the finite irreplaceable water resource. [Note: if the discount
rate r = 0, this problem does not even have a unique solution, as there is no reason to prefer actions now to
actions later]. Maximizing this energy implies running the equipment at its peak efficiency.

We compare this with one-dam control. If both reservoirs are full (Figure 2), the control strategy is to
maximize turbine efficiency and so to maximize energy. Here there is some difference from one-dam control
in [3]. For the upper dam control, it needs regulations for the lower dam to release water. In other words,
we need to release water from the lower reservoir first to make room for water from the upper dam. The
control for the lower of two dams is not the same as for an otherwise similar single dam. In order to store
more potential energy, the lower reservoir is not empty at the second step. When both reservoirs are empty,
do not pump, and both controls remain zero at all subsequent times.

4.2. Different Inflow Rate

When a small inflow is allowed, the problem becomes considerably more complicated and hence more
interesting. It still remains the case that the water resource is scarce and must be managed so as to maximize
efficiency η instead of the power function E.

Suppose inflow rate f = 3π (which is much less than cηmax so that the reservoirs cannot be always filled
up ) we compare the controls for one dam and two dams. For the two-dam control (Figure 3), the upper
control needs to release water earlier than the corresponding one-dam control [3] in order to let the lower
dam use the water at the final time period.
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Fig. 3. Two-dam control ( f = 3π).
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Fig. 4. Two-dam control ( f = 8π).

As the inflow rate increases but less than cηmax, for example f = 8π (Figure 4), the control strategy is
same as for one-dam control [3]—store the most potential energy and maximize the turbine efficiency. The
pump release patterns at the initial and final transient period adjust a great deal in order to use the water
efficiently.

As the inflow rate increases and become large, both controls become equal to the inflow rate (Figure
5) and it is a similar phenomena in the one dam case [3]. This means that the turbine efficiency does not
affect the control when the inflow rate can keep both reservoirs full and store the maximum potential energy.
It shows that the potential energy becomes more important than the turbine efficiency as the inflow rate
increases.

However, notice the difference between Figure 5 and the figure for the same inflow rate in [3]. The final
transient is longer in the two-dam case because of the need for the water to be processed first by the upper
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Fig. 5. Two-dam control ( f = 10π).

and then by the lower dam. If the initial heads are in the lowest points, it may be needed to pump water for
both controls (depending on the turbine efficiency) in order to increase head to store more potential energy
as soon as possible.

As the inflow rate increases enough, some of the water cannot be released from the turbine, both heads
are equal to the maximum head, the controls are equal to cE

max that maximizes the power function E, and the
difference for the control only exists at the beginning transient.

4.3. Control and Initial Head

Suppose the inflow rate is f = 8π, we discuss three cases for the two initial heads: i). Both reservoirs
are empty, ii). The upper is full and lower is empty, and iii). Only the lower is full (Figure 6). The controls
(release rate and frequency) are adjusted to use the water efficiently according to the initial head, and the
strategies are around the value cηmax that maximizes the turbine efficiency before the final time. At first, the
controls are different because of the distinct initial heads, and they gradually adjust to similar value and
pattern. The control for the upper reservoir is to maximize turbine efficiency (because water is scarce) and
release as much water at the second last time period. If the reservoir is empty and inflow rate is small, the
lower control acts to pump some water, adjust the release rate, and release as much water at the last time
period.

If the inflow rate can make c maximize power function E, the control strategy is to keep the E maximum,
and the controls are only different at an initial period transient for various initial heads. This can be proved
by:

V = max
cu,cl

� T

t
e−r(s−t) p(s)[Eu(cu, hu) + El(cl, hl)]ds

≤ 2
� T

t
e−r(s−t) p(s)Emaxds

= 2Emax

� T

t
e−r(s−t) p(s)ds.

here Emax is constant, p(s) = 1, and cu = cl = cE
max.
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Fig. 6. Different initial head ( f = 8π).

5. Optimal Profit Operation

In what discussed above, we have been concerned with maximizing the total electrical energy generated
by two dams in a given time. Instead, we might want to maximize the value of the energy so generated.
This value maximizing problem is affected by the electricity price. Of course, with a constant price as in the
previous section these two are equivalent. In this section, we investigate optimal control in the case where
the price is not constant. Instead, it is a sinusoidal deterministic function. If there is no inflow, a pump and
release strategy to maximize cash value is to maximize the turbine efficiency during high price (this is the
same as in [2]); only when the release generates as much energy as possible for a given amount of water (that
is pumped during low price), can the control maximize the cash value. If the inflow rate is much greater, the
optimal control is the same as maximizing energy except that control is different until power generation E
becomes maximum. Now we discuss the control with initial head and inflow rate separately for two dams.

5.1. No Inflow
In the first case we assume no water inflow. Because the price is variable, pump and release strategies

become possible. In Figure 7, there is pumping for both controls. Compare with the one-dam control
presented in [3], two-dam controls pump more water so as to take the advantage of the price difference.
However, the upper control releases water a little earlier than the corresponding one-dam control before the
maximum price in order to let the lower control also release at high price.

It is interesting that the optimal control may pump for the lower reservoir when the price is low, but
it may stop sometimes when the price is lower. At first, this seems illogical, actually this is reasonable,
because the upper reservoir also needs to pump water from the lower reservoir, and there should be the exact
amount of water to fill up the reservoir. We suppose that pumping water does not overfill the reservoir and
the lower control must have previously raised enough water for the upper reservoir to pump.

5.2. Different Inflow Rate
If the inflow rate f = 3π , there are also pumps for both controls, and the release rate is to maximize

turbine efficiency η instead of power function E. With different initial heads or time, the control strategy is
to adjust the release and pump based on the price. The time of the upper pumping is shorter than the lower
one (Figure 8).

If the inflow rate f = 6π (Figure 9), the upper control only pumps at the beginning time; this is because
of the losing engineering efficiency. After the lower reservoir is filled, at first both controls are the same, but
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Fig. 7. Maximize value ( f = 0).
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Fig. 8. Maximize value ( f = 3π).

there is some difference before the price is lower. There is much water stored in the lower reservoir, and this
water should be released to generate more value at higher price. Pump is needed for the lower control when
the price decreases fast in order to increase potential energy. However, there is no-pump after the beginning
time for one-dam control in [3]. For the two-dam control, the outflow from the upper reservoir as the inflow
rate to the lower reservoir can be adjusted so as to use the pumped water and generate more value. As the
inflow rate increases, both controls become similar (Figure 10) but are also affected by the price.

As the inflow rate increases enough ( f = 14π, Figure 11), both reservoirs can be filled up and at the
same time the release rates maximize the power function E, and the difference only exists at the beginning
transient. Here the inflow rate that makes cu = cl = f is greater than that maximizing electricity because of
the price impact.
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Fig. 9. Maximize value ( f = 6π).
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Fig. 10. Maximize value ( f = 10π).

5.3. Control and Initial Head

Suppose the inflow rate is f = 6π, we plot the controls of the other three cases for the two initial heads in
Figure 12: i) Both reservoirs are full, ii) The upper is full and lower is empty, and iii) Only the lower is full.
Compare Figure 12 with 9 in which both reservoirs are empty, we see that the controls adjust with the change
of the initial head so as to maximize the generated value. Pump little and release more water according to
the price-change if the initial head increases. The control adjustment finishes after the first low-high price
period, and after that the control strategies are same whatever the initial heads are. Especially, if the inflow
rate is large enough, both controls are equal to cE

max and the same as maximizing energy. For this analysis
refer to [3] and Section 4.3 except that the price affects the control at the beginning here.
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Fig. 11. Maximize value ( f = 14π).
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Fig. 12. Different initial head ( f = 6π).

6. Generated Value Comparison

In order to understand the two-dam and one-dam control strategies, this section compares the generated
value with respect to head and inflow rate for electricity and cash value respectively.

The ratio of generated value for two-dam over to one-dam increases as the initial head becomes high
(see Figure 13), since we have more volume of water to adjust the control based on the power function and
price (for cash value). For low initial head, the two-dam generates less electricity than the two independent
one-dam. When the initial head is lower, we have less flexibility to adjust the release rate, so the ratio is less
than two. However, for the cash value, control for two-dam has much space to pump or release according to
the price change, so the ratio is greater than two.

In order to understand the adjustable flexibility, see Figure 14, which shows the generated value vs. the
upper and low dam’s initial head. For the same initial head, the high upper dam’s initial head definitely
produces more value, this is because of not only more potential energy bust also more flexible control
strategy. For example, the curve for upper dam’s initial head with 180 is much higher than that for the same
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For the generated value vs. inflow rate, when both reservoirs are empty, the ratio of generated electricity
is less than two whatever the inflow rate. Since the price does not affect the control, control is less flexible,
and especially for the initial time period, there is much waiting time for the second reservoir to be filled
up, so the ratio is less than two. However, for the cash value with small inflow rate, two dam is better than
double separated one dam, and as the inflow rate increases, this advantage disappears. This paper uses the
48 hours time period, if the time period is long enough, the ratio will be closed to two (see Figure 15). On
the other hand, if both reservoirs are full, two-dam values are greater than two independent one-dam for both
cash value and electricity, since there exists more flexibility to control the value generation (see Figure 16).
As the inflow rate increases big enough so that the power function is maximized, the ratios are equal to two.
The ratio depends on the control flexility difference between one-dam and two-dam, so for the low initial
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Fig. 16. Ratio of generated value: two dam to one dam vs. inflow rate (h0 = 180).

head with small inflow rate, the ratio for generated cash value is greater than that for generated electricity;
while for the high head with no water inflow, the the ratio for generated electricity is much bigger than for
cash value.

7. Summary

This paper analyzed the optimal pump-hold-release strategy for two dams. It showed that this strategy,
just as the optimal strategy for the control of a single dam, was affected by reservoir geometry and water
inflow rate, the turbine efficiency, the power function, the time horizon, and the price behavior as well as
on constraints on water flow rates and water levels. We show that the resulting control strategies are more
sensitive to reservoir geometry and the rate of price changes than the otherwise similar one dam control.
Generally speaking, the price, the turbine efficiency, and the potential energy each have a different impact
on the control for different inflow rates and are more important for the two dam than for the single dam
problem. In the scarce water, low inflow rate case, the optimal control uses the water very efficiently,
releasing it only at high prices and at a rate designed to optimize turbine efficiency considering potential
energy effects.
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